New Jersey Institute of Technology

Digital Commons @ NJIT
Theses

Electronic Theses and Dissertations

Spring 5-31-1986

Modal analysis of a cantilever plate
Ohseop Song
New Jersey Institute of Technology

Follow this and additional works at: https://digitalcommons.njit.edu/theses
Part of the Mechanical Engineering Commons

Recommended Citation
Song, Ohseop, "Modal analysis of a cantilever plate" (1986). Theses. 1433.
https://digitalcommons.njit.edu/theses/1433

This Thesis is brought to you for free and open access by the Electronic Theses and Dissertations at Digital
Commons @ NJIT. It has been accepted for inclusion in Theses by an authorized administrator of Digital Commons
@ NJIT. For more information, please contact digitalcommons@njit.edu.

Copyright Warning & Restrictions
The copyright law of the United States (Title 17, United
States Code) governs the making of photocopies or other
reproductions of copyrighted material.
Under certain conditions specified in the law, libraries and
archives are authorized to furnish a photocopy or other
reproduction. One of these specified conditions is that the
photocopy or reproduction is not to be “used for any
purpose other than private study, scholarship, or research.”
If a, user makes a request for, or later uses, a photocopy or
reproduction for purposes in excess of “fair use” that user
may be liable for copyright infringement,
This institution reserves the right to refuse to accept a
copying order if, in its judgment, fulfillment of the order
would involve violation of copyright law.
Please Note: The author retains the copyright while the
New Jersey Institute of Technology reserves the right to
distribute this thesis or dissertation
Printing note: If you do not wish to print this page, then select
“Pages from: first page # to: last page #” on the print dialog screen

The Van Houten library has removed some of the
personal information and all signatures from the
approval page and biographical sketches of theses
and dissertations in order to protect the identity of
NJIT graduates and faculty.

MODAL ANALYSIS OF A CANTILEVER PLATE

by
Ohseop Song

Thesis submitted to the Faculty of the Graduate School of
the New Jersey Institute of Technology in partial fulfillment of
the requirements for the degree of
Master of Science in Mechanical Engineering
1986

APPROVAL

SHEET

Title of Thesis : Modal Analysis of A Cantilever Plate
Name of Candidate : Ohseop Song
Master of Science in Mechanical Engineering, 1986

Thesis and Abstract Approved :
Charles E. Wilson,PhD
Professor
Department of
Mechanical , Engineering

Signature of other members

Date

Date

of the thesis committee

Date

VITA

Name: Ohseop Song.

Degree and date to be conferred: M.S.M.E., 1986.

Secondary education:
Dates

Degree

New Jersey Institute of Technology

9/84-5/86

M.S.M.E.

5/22/86

Seoul National University

3/74-2/78

B.S.M.E.

2/26/78

Collegiate institutions
attended

Major: Mechanical Engineering.

Date
of degree

ABSTRACT

Title of Thesis : Modal Analysis of A Cantilever Plate
Ohseop Song, Master of Science in Mechanical Engineering, 1986
Thesis directed by : Professor, Charles E. Wilson,PhD
This thesis discusses the vibration of a thin, flat
cantilever aluminum plate. Results are based on both an
analytical finite element method using the ANSYS program
and an experimental analysis using a digital Fast Fourier
Transform ( FFT ) analyzer. The FFT analyzer permits
extraction of modal parameters ( natural frequency,
damping, mode shape ) for the plate.
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I.NTRODUC

The cantilever plate constitutes one of the classical
plate free vibration problems. It has many industrial
applications and acts as a limiting case of more
complicated problems, such as vibration of turbine blades
and aircraft wings.
Free vibration takes place when a system oscillates
under the action of forces inherent in the system itself,
and when external forces are absent. The system under free
vibration will vibrate at one or more of its natural
frequencies, which are properties of the dynamical system
established by its mass and stiffness distribution.
Vibration that takes place under the excitation of
external forces is called forced vibration. When the
excitation is oscillatory, the system is forced to vibrate
at the excitation frequency. If the excitation frequency
coincides with one of the natural frequencies of the
system,a condition of the resonance is encountered, and
dangerously large oscillations may result. The failure of a
major structure is an awesome possibility under resonance.
Thus, the calculation of natural frquencies is of major
(6)
importance in the field of vibrations.
Structural frequency response testing, also known as
experimental modal analysis,is becoming an integral part of
the testing of industrial and consumer products.
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Experimental modal analysis is the process of
identifying the dynamic properties of an elastic structure
by measuring its modes of vibration. Each mode consists of
a resonant frequency, a damping ratio and a mode shape
defining the displacement of the structure at each resonant
frequency.
The finite element method has become an increasingly
popular tool for the study of structural dynamics. The
finite element method involves discretization of a large
continuous structure into a number of smaller elements.
Purely analytical methods are not particularly useful for
specific problems with complicated geometry and boundary
conditions. Modern computer hardware and software make
it possible to solve these complex problems with relative
accuracy.
This thesis will discuss an application of both the
analytical finite element method using ANSYS programming
and the experimental technique using a digital fast fourier
transform (FFT) analyzer for performing modal analysis on a
cantilever plate.

II. THEORETICAL ANALYSIS
A. Fundamental Equation
The plate to be studied here has continuously
distributed mass and elasticity. This body is assumed to be
homogeneous and isotropic obeying Hooke's law within the
elastic limits. The basic structure is a thin, flat,
rectangular aluminum plate shown in Fig.2-1.

Fig.2-1 The Rectangular Aluminum Plate
3
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To specify the location of every particle in the body, an
infinite number of coordinates are required, and therefore
a plate possesses an infinite number of degree of freedom.
Assuming small deflections and linearity, the
pure bending equation of motion for rectangular plate is
(9)
given

where : w = transverse deflection

The deflection is known to be a funtion of the spatial
coordinates x and y, and of time t.
Let the equation of motion be satisfied by the
deflection functions of the form
w(x,y,t) = Ø(x,y)q(t)

(2-2)

where Ø(x,y) is the function that satisfies boundary
conditions of the plate, and q(t) is the associated
generalized coordinate. These function correspond to the
method of the separation of variables in solving partial
differential equations. Two equations can be obtained by
superimposing the solutions to the equation of motion and
separating the variables :

5

The solutions of equation (2-3) and (2-4) are an infinite
set of eigenvalues and eigenfunctions (or eigenvectors).
The boundary conditions dictate the natural frequencies and
the initial conditions determine the contribution of each
corresponding mode to the vibration of the plate. Direct
solution of the equation (2-3) and (2-4) cannot be
obtained without difficulties because the boundary
conditions are not simple. It is necessary to seek the
approximate solutions of the eigenvalue problem.
(1)
B. Approximate Methods
Approximate methods are suitable for obtaining
approximate solutions to vibration problems which are of
such difficulty that direct exact solution of the
differential equations becomes difficult. These technique
have great utility in solving practical problems where
geometry becomes complicated or when boundary conditions are
no longer simple.
This discussion will be applied to the cantilever
plate, where the thickness is small compared to the other
dimensions of the plate. We shall assume that the
deflections of the plate are normal to the plane of the
plate and are small compared with the thickness. Let x-y

plane be the middle plane of the plate.

6

We generate the approximate differential equation for
the plate vibration. The result is well known to be the
equation

Equation (2-5) can serve as a basis for direct solution of
plate vibration problems, but even in the simplest cases it
is usually very difficult to obtain a solution.
1. Raleigh Method

(5)

One approximate method using the energy formulation
directly is the well-known Raleigh method. We represent the
deflected shape by an assumed form
W(x,y,t) = Ø(x,y)sin ωt
We have to choose Ø(x,y) so that it satisfies as many of
the boundary conditions as possible. The maximum potential
energy may be expressed as

The maximum kinetic energy may be expressed as

7

rhe maximum of these two kind of energy must be equal

which leads to

The appropriate choice of Ø(x,y) make it possible to solve
for frequency associated with any Ø(x,y).
The function Ø(x,y) must represent one of the normal modes
and satisfy the boundary conditions. These requirements are
often difficult to achieve, but are considerably easier to
satisfy for the fundamental mode than for higher modes.
For these reasons,equation (2-9) is usually used for
estimating the fundamental frequency of vibration.
2. Raleigh-Ritz Method
Another powerful variation of the Raleigh method is known
as the Raleigh-Ritz method. This method assumes the
displacement shape in the form

where aK are unknown constants and where Ø K(x,y) are
satisfying the geometric boundary conditions.

We can write equation (2-9) with respect to Vmax

8

We minimize equation (2-9) with respect to a K

This leads to

Equation (2-13) are a set of n algebraic equation which
will be linear in the unknown a K If the determinant formed
by the coefficient of the a K is set equal to zero, we get
characteristic equations containing the unknown
frequency. The problem of a rectangular cantilever plate
was solved by Dana Young. The natural frequencies of a
(2)
cantilever plate can be obtained by using the equation

can be obtained from the Table (2-1).
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Aspect ratio
(b/a)

Frequency parameter λn
1

2

3

2

3.51

5.37

22.0

1

3.49

8.55

21.4

0.5

3.47

14.90

21.6

Table.2-1Frquncypametr-Rizhod
In our case, the aspect ratio, (b/a), is 0.8, and we
can obtain the values of frequency parameter by using the
method of interpolation

Substituting these values of frequency parameter into the
equation (2-14) results :
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where,

C. Finite Element Method
Purely analytical methods are not helpful for problems
with complicated geometry and boundary conditions. The
advent of modern computers makes it possible to solvesuch
complex problems with accuracy and efficiency. This often
entails use of the finite element method.
Finite element methods discretize a large continuous
region into a finite number of subregions. By formulating
the equations governing each element with its individual
boundary conditions and loading conditions, the set of
equations describing the behavior of the whole system can
be assembled. These processes can be carried out with the
use of digital computers.
The free vibration of motion for a structure that is
linear and is undamped may be expressed in the matrix
(10)
notation

where, [ M ] = mass matrix
[ K ] = stiffness matrix
{ ü } = acceleration vector
{ u } = displacement vector
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If the system has in degrees of freedom, the matrices are
m in and the vectors are in dimensional. The reduced form of
equation (2-20) is given by

For a linear system, free vibrations will be harmonic of
the form

where, {Ø^}i = the eigenvector representing the shape of the
i-th natural requency
=i-thnaurlfeqcy i ω
t = time
Combining equation (2-22) and (2-23) yields

This equality
{Ø^}i is satified if either
determinate of ([ K ]-ωi2

= {0} or if the

[ M ]) is zero.

The first option is trivial one and there is not of
interest. Thus, the second one gives the solution

This is an eigenvalue problem which may be solved for up to
n values
of ωi and n eigenvectors
{Ø^}i

which satisfy

equation (2-24) where n is the number of master degree
of freedom or number of modes desired.
Rather than printing out the natural circular
frequencies (ω), the natural frequencies (f) are calculated
as:

III. ANSYS
ANSYS is a general purpose finite element program
developed by Swanson Analysis System Inc. The ANSYS program
employs a matrix reduction techniques refered as kinematic
matrix condensation. This procedure involves specification
of a certain number of master degrees-of-freedom. The mass
and stiffness matrices are condensed to these n master
degree-of-freedom , and this eigenvalue problem is solved.
The number of degrees-of-freedom of each node is
determined by the type of element chosen. A rectangular
shell element has six degrees-of-freedom per
node, translations and rotations about all three axes. The
purpose of defining a master degree-of-freedom is to reduce
the complexity of the analysis by inducing only enough
degrees-of-freedom to specify the motion of the structure.
Defining of master degrees-of-freedom is considered as a
further discretization of the model. Reduction of the full
displacement stiffness and mass matrices to the master
degrees-of-freedom requires information relating the master
degrees-of-freedom to the removed degrees-of-freedom.
Hence, the structure may be modeled with sufficient
elements to specify the stiffness. The following guidelines
are suggested by ANSYS for selecting master degrees-offreedomwhenbending type modes are of concern :
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1. Neglect streching mode
2. Neglect rotational displacement
3. The number of master degrees-of-freedom should be at
least twice the number of modes of interest.
4. Include master degrees-of-freedom locations having
relatively large mass.
ANSYS is capable of automatically selecting the
number of master degrees-of-freedom. The total number of
master degrees-of-freedom should be specified. Or, the user
may specify some master degrees-of-freedom and allow the
system to select the rest. The program examines all
degrees-of-freedom sequentially and attempts to retain
those corresponding to the lowest modes. In this problem,
99 master degrees-of-freedom were selected.
Dynamic matrix condensation is explained in the
Appendix (1).
A. Description of the element
The plate to be studied here is descretized into
eighty small elements called STIF43 in the ANSYS
program. This element has both bending and membrane
capabilities. Both in-plane and normal loads are permitted.
The element has six degree of freedom at each node,i.e.,
translational displacements in the x,y,z directions and
rotational displacements about the x,y,z axes.
This element may have either a rectangular or
parallelogram shape. The plate to be considered here has a

reactangular shape and the general description of element
(10)
is given in Fig.(3-1).

Fig.3-1 Configuration of the STIF 43 Element

15
The displacement function for bending stiffness of the
rectangular shell element has a polynomial form :

The displacement functions for the membrane stiffness have
the following form :

The four nodal points shoud lie in an exact flat plate. A
warning message will be generated if ;

B. Modelling and Input Program
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The plate is discretized into eighty STIF43 rectangular
shell elements as shown in Fig.3-2.

Fig.3-2 Element Modelling of the Plate
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Input source program is given as follows :

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48

/PREP7
/SHOW
/TITLE,MODAL ANALYSIS OF CANTILEVER PLATE
KAN,2 *MODAL ANAYSIS
ET,1,43 *ELEMENT TYPE
KAY,2,3 *EXPAND FIRST 3 MODES
EX,1,10E6
OENS,1,.00025
NUXY,1,.3
N,1
N,9,8
FILL,1,9
NGEN,11,9,1,9,,,1
NNUM,1
NPLOT,1
TDBC,1
E,1,10,11,2
EGEN,8,1,1
EGEN,10,9,1,9
ENUM,1
EPLOT,1
R,1,.091
M,10,UZ,99,1
ITER,1,1,1
0,1,ALL,,,9
AFWRIT
FINISH
/EXEC
/INPUT,27
FINISH
/POST1
SET,1,1
/VIEW,,1,1,1
PLOISP
/NOPR
/NOERASE
PLELEM
/ERASE
SET,1,2
PLDISP
/NOERASE
PLELEM
/ERASE
SET,1,3
PLDISP
/NOERASE
PLELEM
FINISH
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C. Results

The modal analysis (KAN = 2) produce natural
frequencies and mode shapes. Mode shapes are relative and
no stress output is calculated.
1. Natural frequencies
The calculated natural frequencies from ANSYS
programming are given in Table (3-1).

Natural
Mode

Frequency
Natural Frequency (Hz)

1

30.3

2

88.4

3

189.0

Table.3-1 Natural frequency as determined by finite
element method (ANSYS)
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2. Mode shapes

Only three mode shapes are calculated and plotted from
ANSYS programming. The plotted mode shapes are given in
Fig.3-3 through Fig.3-5.

Fig.3-3 First Mode Shape- ANSYS

Fig. 3-4 Second Mode Shape-ANSYS
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Fig.3-5 Third Mode Shape-ANSYS

IV. EXPERIMENTAL ANALYSIS
Digital Fourier analyzer has offered a new method in
the structural dynamics tests. The ability of these system
to quickly and accurately measure a set of structural
frequency response functions and to extract the modal
parameters is having a significant importance in the field
of structural dynamics testing. By exciting the structure
with some forces, its natural frequencies, modaldamping
values, and mode shapes can be evaluated.
Actually, the structural response function is composed
of a finite number of single degree-of-freedom system
response. The transfer function on the Laplace domain can
be used to describe the structure response in terms of a
number of sinusoids which contains modal parameter
informations.
A. Transfer Functions

(3)

In general, frequency analysis of motion and forces
provides more information than time history analysis can do
because structure vibrate harmonically. A transfer function
describes a cause and effect relationship between two
measured signals. Exciting a structure with a measured
force and measuring its response simultaneously provides a
motion/force transfer function. This measurement can be
used to determine the structural parameters,i.e., resonant
frequencies,modal damping values,and mode shapes.
22
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There are six kind of transfer functions, one of them
is called an inertance, i.e., acceleration/force transfer
function. Thisfunction identifies resonant frequenciesby
exhibiting spikes at the occurrence of a resonance.
There are two types of transfer functions.
Driving point structural response transfer function defines
the relationship between force and motion at a single point
in a structure as a function of frequency. Spatial transfer
function defines the interrlationship between two points
in the structure as a function of frequency. In a
practical sense, the structure possesses a symmetry
characteristics known as structural reciprocity. The
motion at one position in the structure due to a force at a
second positions is equal to the motion at the second
position due to the same force magnitude at the first
position. The symmetry characteristic means that the
interrelationship of N points on a structure may be
characterized by N(N+1)/2 transfer function relationships.
Transforming data between the time and frequency
domain can be done through the Fast Fourier Transform
(FFT). The relationships between the time, frequency, and
Laplace domains are well defined and the information in
time domain can be transformed into a complex variable
function.
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This Laplace transform changes the equation of motion of
a one degree of freedom system

into the following equation in the s domain

where, x(0) is the initial displacement
x(0) is the initial velocity
This Laplace transformed equation can be simplified by
considering the initial conditions

It is clear that we have changed the ordinary differential
equation to an algebraic equation where s is a complex
variable. The equation is transformed from the time domain
into the s-domain(complex domain). Solving for X(s), we get

The denominator is called the characteristic equation. The
roots of this characteristic equation are known as the
poles or singularities of the system. The roots of the
numerator are called the zeros of the system.
A transfer function of a system is defined as the
ratio of the output of the system to the input in the sdomain. The transfer function between the displacement and
force is called compliance given by
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The transfer funtion which relates the acceleration to the
forces is referred as the inertance transfer function as
below

The transfer funtion has both a real and an imaginary part
because s is complex variable. The Fourier transform can
be obtained by substituting jω for s . This special
transfer function is called the frequency response
function. The form of the frequency response function of
the compliance is given by
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The frequency response function of the inertance is given
by

If we measure the frequency response function via
experimental measurements using the FFT analyzer, we obtain
a complex- valued function of frequency. It must be
represented by its real and imaginary part. Continuous
system contains many modes of vibration. Modern modal
analysis techniques can be used to extract the modal
parameters of each mode without isolation of each mode.
B. Test Method ( Impact Testing )
The transfer function can be obtained with any kind of
physical input only if the input energy exists at all
frequencies of interest. Impact testing is the fastest
technique that can be applied to the study of a complicated
structure. Its main advantages is that no shaker needs to
excite the system. Impact testing provides short duration
transient force inputs with corresponding broadband
frequency range to excite all frequencies in the structure
simultaneously.
Impact testing is conducted with an instrumented handheld impact hammer. A force transducer is mounted in the
head of the hammer, measuring the force input to the
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system. An accelerometer is attached to the structure to
measure the response of the system.
The most popular technique for impact testing is to
attach an accelerometer at a fixed location and to hit the
structure at different locations of interest using an
instrumented hammer. The data is analyzed with a dualchannel Fast Fourier Transform (FFT) analyzer. Both the
impulse force input and the response acceleration are
processed by the FFT analyzer. These two time histories of
force and acceleration are fourier transformed to get the
input and output spectra. The ratio of the output and input
spectra is the frequency response function.
In general, impact testing has the following
(5)
advantages:
no complicated fixture is required,
no shaker system is required,
it is very fast.
This method also has some disadvantages,the worst one is
that the power spectrum of the input force is not as easily
controlled as it is when a shaker is used. This causes nonlinearities to be excited and can result in some
variability between successive measurements.
The input force can be varied by changing the hardness
of the hammer head-tip. This alters the corresponding power
spectrum. The wider the width of the force impulse, the
lower the excitation frequency range. A hammer with a hard
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head-tip tends to excite higher frequency modes, whereas a
softer plastic head can be used to excite lower frequency
modes. These tendancies are shown in Fig.(4-1) and
Fig.(4-2).

Fig.4-1 Input Force Spectrum - Soft Head-Tip
( 0 to 2000 Hz )

Fig.4-2 Input Force Spectrum- Hard Head-Tip
( 0 to 2000 Hz )
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C. Natural frequencies estimation
Peaks in the frequency response function represent the
areas of high amplitude magnification,which are considered
as a resonance. We have to review the various frequency
response function to find a resonable frequency response
function which has representative peaks over the frequency
range of interest. This is because the frequency response
function which is related to the nodal points would show
nearly zero amplitude at that natural frequency. The
frequency response function at any resonant mode can be
reduced to

where p=ω/ω n . This complex expression can be represented
by the sum of a pure real function ( coincident function )
and a pure imaginary ( quadrature ) function as follows :
H ( p ) = CO ( p ) + j QD ( p )

(4-11)

where,

The transfer function becomes a pure imaginary number when
ω=ωn ,i.e., p =1.
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Fig.4-3 shows the transfer function which presents
three natural frequencies over the range of 0 to 200 Hz.

Fig. 4-3 Transfer Function- Natural Frequency
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D. Modal Damping Estimation
The damping is so small that it is difficult to
measure the value in most structures. However, the proper
estimation of damping is important to the structural
dynamics. Proper instrumentation is required to get a
resonable value of damping. Three methods of estimating
damping will be discussed in this section.
(7)
l.Resonance sharpness method
The resonance sharpness method is one of the
techniques which is commonly used to estimate the damping.
In most structures the damping is not dominant. For light
damping,the transfer function is almost symmetrical about
the natural frequency. It can be measured by bandwidth
shown in Fig (4-4), where ω 1 and ω 2 represent the
frequencies at the half power points which have half the
power amplitude with respect to the peak amplitude.
The half-power frequencies can be calculated as :

32

Fig.4-4 Resonance Sharpness Method

(8)
2. Logarithmic Decrement Method
An effective measurement of the value of damping in a
single degree of freedom system can be done by measuring
the rate of decay of amplitude in the time domain.
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Fig.4-5 Logarithmic Decrement Rate

Logarithmic decrement is defined as the natural
logarithm of the ratio of any two consecutive amplitudes in
the time domain

where, Wm= natural frequency
2;= damped period
Substituting for the damped period

The expression for the logarithmic decrement becomes
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Solving for

For multi degrees-of-freedom system whose resonant
frequencies are far apart, the damping value can be
estimated approximately by measuring the logarithmic
decrement of each mode separately. Experimentally it can be
done by filtering the system response signal through a
band-pass filter centered at the particular frequency of
interest. This method is known to be tedious and
inconvenient. Hence, some another methods are recommended
for better estimation of damping.

3. Coincident Response Method

(3)

The most precise method in practical implementation is
known to be a coincident response method. This method
utilizes the real part of the transfer function to estimate
the value of damping as shown in Fig. (4-6).
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Fig.4-6 Real Part of the Transfer Function

The transfer function at any resonance frequency can be
expressed by:
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This complex equation can be divided by the pure real part
and the pure imaginary part as follows :

where,

The transfer function becomes a pure imaginary number
when ω=ω n or p=1 since the real part of the transfer
function passes through zero at the resonance. CO(p) has a
maximum value to the left of p=1 and a minimum value to the
right of p=1. The value of p for the maximum value of CO(p)
can be obtained by taking the first derivative of CO(p)
with respect to p and making the derivative equation to be
zero

The damping ratio ξ ofthesytemisexprsedas
function of pi ,p2 :
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The expression fore becomes

where,

f2 = frequency above resonance,where the real part
of inertance reaches a peak.
f 1 = frequency below resonance,where the real part
of inertance reaches a peak of opposite sign.

The damping properties of a resonance are described by
an amplification factor Q. The amplification factor is
related to the viscous damping factor ξ by the relationship

(3)
E. Mode Shape Estimation

38

Mode shape is a global property of the structure and
affects motion over the entire structure. It is desirable
to determine the shape of deformation at a particular
resonance to better understand how that resonanct frequency
might be shifted to another frequency location.
Mode shapes are also of fundamental value in the
analytical modeling of structure. Mathematical techniques
exist which allow the prediction of dynamic behaviour of
complicated structures.
Mode shape can be estimated directly from frequency
response functions. These estimated mode shapes give first
order understanding of the characteristic of the
deformation of a structure. This is accomplished by
exciting the structure at a single point and measuring its
response at several points of interest. Alternately,the
structure is excited at several points and the response is
measured at a single point. These two testing techniques
are equivalent due to the reciprocity of the structure.
Each ratio between response and input force is viewed by
frequency response function. A modal measurement can be
made using inertance (acceleration/force) measurements.
The mode shape can be estimated by measuring the
imaginary (quadrature) response values from all of the
frequency response functions. Hence, they are distributed
in an approximation of the mode shape corresponding to that
resonance.
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The structure to be examined is marked at n locations.
The accelerometer is attached to the structure at one
point. Since the nodal line of the second mode is along the
center line, the accelerometer which is attached to the
center of the plate would not measure the response of the
second mode. If possible, the accelerometer shoud be
attached in a "hotspot", so that it will response to all
modes. In our case, at first we attached the accelerometer
at the top of center line of the plate to obtain clear
responses of the first and third modes. Secondly, by
attaching accelerometer at the edge of the plate, we can
obtain the informations about the second mode.
Starting from the response transducer location, the
structure is struck a number of times at each location. It
is important to strike each point more than one time, so
that the coherence function approaches unity across the
frequency range of interest.
The imaginary values of the driving point transfer
function at each mode should be measured and kept to
normalize subsequent data.
The driving point is subsequently moved through the
sequence of predefined locations. At each of the n
locations, the imaginary part of the transfer function is
measured at the frequency of interest.

V. EXPERIMENTAL RESULTS AND DISCUSSION

A. Test Set Up
A flat,thin, and rectangular aluminum plate is chosen
as a testing structure. The plate is welded on one edge and
the other edges of the plate are free. The configuration of
the plate is shown in Fig. (5-1).

Fig.5-1 The configuration of the Plate
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A schematic of the test set up for impact testing of
the plate is shown in Fig.(5-2). The corresponding block
diagram for this testing is shown in Fig.(5-3).

Fig.5-2 Test Set Up
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Fig.5-3 Test Schematic Block Diagram

(13)
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Series 303A PCB quartz accelerometer is mounted on the
plate. This accelerometer functions to transfer shock and
vibratory motion into high-level, low-impedance voltage
signals compatible with readout,recordings or analyzing
instruments. This tiny sensor operate relatively over wide
amplitude and frequency ranges under adverse environment.
This sensor is structured with permanently polarized
compression-mode quartzelements and a microelectronic
amplifier housed in a light metal case.
(14)
The impulse hammer (086B03 Model) was adapted FFT
analyzer for structural behavior testing. The hammer
consists of an integral,ICP,quatrz force sensor mounted on
the striking end of the hammer head. The sensing element
translate impact force into an electrical voltage for
analysis. The impact tips affect the hammer impulse
frequency content and the extender affects the signal
energy level. For better low frequency response, a softer
plastic tip was used.

(15)
The FFT analyzer ( RION, Model SA-73 ) used in this

testing is able to handle and display two input signals at
a time. Channel A was used to catch the signal from the
impulse hammer and channel B was used to catch the signal
from the accelerometer accordingly. The built-in
processor can rapidly calculate the results for various
functions.
When a signal is introduced into the FFT analyzer it
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acts on the signal and plots the results on the CRT screen.
A marker can be manipulated to any locations and the values
can be read directly.

B. Experimental Results and Discussion
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This section presents a comparison of results from the
analytical and experimental analysis.
1. Natural Frequency Correlation
The typical real and imaginary spectra of the transfer
funtion are shown in Fig.(5-4). Note that the three major
resonant peaks in the plate response spectrum correspond
to the three normal modes obtained through the ANSYS
program as shown in Table(3-1). The variations of local
mass distribution of the plate due to the attached
accelerometer mass were negligible because the mass of the
accelerometer is very small with respect to that of the
plate,the mass ratio is approximately 0.006.

Fig.5-4 Real and Imaginary Part of Transfer Function
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A comparison of the natural frequencies obtained from
the modal testing and the ANSYS programming is presented in
Table (5-1).
(Hz)
Mode

Ritz-method

ANSYS

Experimental

value

difference

value

(difference

1

30.26

30.3

0.13 %

30.25

0.04 %

2

88.66

88.4

0.28%

85.75

3.40 %

3

187.01

189.0

1.07%

192.00

2.67 %

* Differences are based on the Ritz-method(D.Young)
Table.5-1 Comparison of Natural Frequencies
The frequency discrepancies based on the Ritz-method are
approximately within in the range of 4 % as shown in
Table.(5-1).
2.Modal Damping Values
Coincident response method was used to obtain the
plate damping in the frequency domain. A typical real part
of the plate transfer function is shown in Fig.(5-5).

Fig.5-5 Damping Estimation-Transfer Function(Real)
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The results of the damping estimation and the corresponding Q values for each mode are given in Table.(5-2).

Mode

i
f
(below resonance)

1
f
(above resonance)

1

30.0

2

85.5

86.0

3

189.5

194.0

30.5

ξ

Q
-3
8.26)(10 60.50
-3
2.92x10 171.50
0.012

42.62

Table.5-2 Damping - Experiment

In general,the amount of damping in a given structure
is not known theoretically and must be determined
experimentally. When the resonances are closely spaced,
this coincident method becomes difficult to apply because
the amplitude of the other modes at their frequencies are
superposed.

3. Mode Shape Correlation
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The representative plate mode shape vectors are listed
in Table (5-3). through Table (5-5). respectively. Both the
experimental and ANSYS results are listed in the same
tables in order to show direct comparisons. All mode shape
vectors listed have been normalized to the deflection
magnitude of each corresponding mode.
Some discrepancies between the experimental and ANSYS
analysis exsist. Some of these discrepancies are due to the
fact that damping is neglected in the ANSYS analysis.
The limited data manipulation capability of FFT analyzer
could be a factor of these discrepancies.
Several representative configurations of each mode
shape are shown in Fig.(5-6) through Fig.(5-8) in order to
present a clear view of each mode shape.
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Location

ANSYS

Experiment

1 (y=10.0)

1.000

1.000

2 (y=9.0)

0.862

0.841

3 (y=8.0)

0.725

0.762

4 (y=7.0)

0.590

0.733

5 (y=6.0)

0.461

0.626

6 (y=5.0)

0.340

0.407

7 (y=4.0)

0.231

0.302

8 (y=3.0)

0.138

0.147

9 (y=2.0)

0.070

0.090

10 (y=1.0)

0.020

0.020

Table.5-3 Normalized first mode shape vectors-comparison
( Along the center line,x=4.0)
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Fig.5-6 Representative First Mode Shape -comparison
( Along the center line,i.e.,x=4.0)
* The acceleromerter was placed near the top of the plate,
and the plate was struck at various locations. The curve is
constructed using the reciprocity principal.

5'

Location

ANSYS

Experiment

1 (x=0.0)

1.000

1.000

2 (x=1.0)

0.765

0.711

3 (x=2.0)

0.519

0.534

4 (x=3.0)

0.263

0.471

5 (x=4.0)

0.000

0.006

6 (x=5.0)

-0.263

-0.487

7 (x=6.0)

-0.519

-0.655

8 (x=7.0)

-0.765

-0.771

9 (x=8.0)

-1.000

-0.920

Table.5-4. Normalized second mode shape vectors-comparison
(along the line y=10.0)
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Fig.5-7 Representative Second Mode Shape-comparison
( Along the line y=10.0)
* The accelerometer was placed near the edge of the plate,
and the plate was struck at various locations. The curve is
constructed using the reciprocity principal.
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Location

ANSYS

Experiment

1 (y=10.0)

1.000

1.000

2 (y=9.0)

0.550

0.546

3 (y=8.0)

0.130

0.143

4 (y=7.0)

-0.220

-0.283

5 (y=6.0)

-0.470

-0.571

6 (y=5.0)

-0.590

-0.756

7 (y=4.0)

-0.570

-0.742

8 (y=3.0)

-0.440

-0.620

9 (y=2.0)

-0.250

-0.440

10 (y=1.0)

-0.080

-0.152

Table.5-5. Normalized third mode shape vectors-comparison
(along the center line,x=4.0)
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Fig.5-8 Representative Third Mode Shape-comparison
( Along the center line,i.e., x = 4.0)
* The accelerometer was placed near the top of the plate,
and the plate was struck at various locations. The curve is
constructed using the reciprocity principal.

VI. CONCLUSION
The modal parameters of a thin, rectangular aluminum
plate were investigated in this thesis. The exact solution
was difficult to obtain due to the complex boundary
conditions. An approximate solution could be obtained by
assuming the mode shape function approximately. An
appropriate assumption of mode shape which satisfies the
complex boundary conditions is very difficult and it needs
numerous calculations to get the solution. This kind of
00
analysis was done by Dana You
and we used that equation
to get the natural frequencies of our cantilever plate.
The finite element method is widely used because it
can manipulate complex problems easily. A finite element
program (ANSYS) was used for theoretical analysis of the
plate vibration. In addition, the problem was investigated
experimentally using the instrumented hammer and the FFT
analyzer. The process of measuring mode shapes
experimentally required many data manipulations. This
procedure can be executed with the use of more advanced
instruments and software, such as computers and plotters
for more accurate results.
The discrepancies between the natural frequencies
found with the ANSYS program and the experimental results
with respect to the results of the Ritz-method were less
than 4 % . The mode shapes calculated from the ANSYS had
the same tendancy as that from the experiments.
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APPENDIX 1
DYNAMIC

MATRIX

CONDENSATION

Dynamic matrix condensation is explained by
considering the static equation
(A.1-1)

[K] (u) = (F)

]
where, [K] = total stiffness matrix Σn=1N[Ke
(u) = displacement vector
(F) = load vector
N = number of elements
[Re ] = element stiffness matrix
Equation A.1-1 can be partitioned into two
sections,the master degree of freedom, denoted by the
subscript "m", and the slave degree of freedom, denoted by
(11)
the subscript "s"

Expanding the equation A.1-2 gives

Solving equation A.1-4 for (u s)

Substituting (us ) into equation A.1-3

Se
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For modal analysis, the load vector {F) in the equation
A.1-1 equals zero. The mass matrix cannot be reduced
directly because the condensed matrices would be functions
of the time derivatives of the displacement. The ANSYS
adopts the Guyan reduction procedure resulting in the
reduced matrix:
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